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Abstract 

We consider a boolean network whose interaction graph has no circuit of length > 2. 
Under this hypothesis, we establish an upper bound on the length of the attractors of 
the network which only depends on its interaction graph. 

1 Introduction 

We consider a boolean network F : {0,1}" —> {0,1}" and its interaction graph G{F). 
The vertices correspond to the components of the network, and there is a positive (resp. 
negative) edge from j to i if the component j has a positive (resp. negative) effect on the 
component i. Then, under the assumption that G{F) has no circuit of length > 1 (directed 
graphs without circuit of length > 2 are called graph by layers in [l]), we establish an upper 
bound on the length of the attractor of the network which only depends on G{F). This 
result is related to a recent work of Goles and Salinas [l]. 

2 Definitions 

Let n be a positive integer, and let F be a map from {0, 1}" to itself: 

x = (xi,...,x„) G {0,1}" ^ F(x) = (/i(x),...,/„(x)) e {0,1}". 

As usual, we see F has as a synchronous boolean network with n components: when the 
network is in state x at time t, it is in state Fix) at time t + 1. 



A path of F of length r > 1, is a sequence {x^ ,x^, . . . , x^) of points of {0, 1}" such that 
F{x^) = x^~^^ for all < A; < r. A cycle of F of length r > 1 is a path {x^ ,x^ , . . . , x^) such 
that x^ = x^ and such that the points x*^, . . . ^x^~^ are pairwise distinct. The cycles of F 
correspond to the attractors of the network. 

We set = 1 and 1 = 0. Then, for all x G {0, 1}, we denote by x* the points y of {0, 1}" 
defined by yi = Xj and yj = Xj for all j ^ i. For all x € {0, 1}", we set: 

h,{x) = l^^^^l^l^ {^,J = l,...,n). 

Xj Xj 
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fij may be see has the partial derivative of fi with respect to the variable Xj. 

We are now in position to define the interaction graph of the network: the interaction 
graph of F, denoted is the graph whose set of vertices is {!,..., n} and which con- 

tains an edge from j to i of sign s € { — 1, 1} if there exists x € {0, 1}" such that s = fij{x). 
So each edge of G{F) is directed and labelled with a sign, and G{F) can contains both a 
positive and a negative edge from one vertex to another. Note that there exists an edge 
from j to i in G{F) if and only if fi depends on Xj. 

Let i,j be two vertices of G{F). We say that i is a successor (resp. predecessor) of j 
if G{F) has an edge from j to i (resp. from i to j). We say that i is a strict successor 
(resp. strict predecessor) of j if i is a successor (resp. predecessor) of j and i ^ j. A path 
of G{F) of length r > is a sequence P = (zq, • • • , ir) of vertices of G{F) such that ik+i is 
a successor of i^ for all < /c < r. We say that P is a path from iq to v, and that P is 
elementary if the vertices ioj • • • > V are pairwise distinct. A circuit of G{F) of length r > 1 
is a path (io, . . . ,ir-) such that io = ir and such that the vertices io, ■ ■ ■ ,ir-i are pairwise 
distinct. A positive (resp. negative) edge from a vertex i to itself is called a positive (resp. 
negative) loop on i. 

Definition 1 Let P be an elementary path of G{F). We denote by TG(F)iP) the number 
of vertices i in P satisfying at least one of the two following properties: 

1. i is the first vertex of P with a negative loop; 

2. i has both a positive and a negative loop. 

We set t{G{F)) = max{TQ(^p-^{P), P is an elementary path of G{F)}. 

See Figure [H for an illustration of this definition. Note that t{G{F)) > 1 if and only if 
G{F) has a negative loop, and that t{G{F)) < 1 if there is no vertex with both a positive 
and a negative loop. 

3 Result 

Goles and Salinas [1] proved the following theorem: 

Theorem 1 Let F : {0, 1}" {0, 1}" be such that G{F) has no circuit of length > 2. If 
F has a cycle, then the length of this cycle if a power of two, and it is 1 if G{F) has no 
negative loop. 

The aim of this note is to prove the following extension: 

Theorem 2 Let F : {0, 1}" {0, 1}" be such that G{F) has no circuit of length > 2. If 
F has a cycle, then the length of this cycle is a power of two less than or equal to 2'^^^^^^\ 

The proof needs few additional definitions. Let F and F be two maps from {0, 1}" to 
itself. We say that G{F) is a subgraph (resp. a strict subgraph) of G{F) if the set of edges 
of G{F) is a subset (resp. a strict subset) of the set of edges of G{F). We say that F is 
r-minimal if F has a cycle of length r and if there is no map F with a cycle of length r 
such that G{F) is a strict subgraph of G{F). Note that if F has a cycle of length r, there 
always exists a r-minimal map F such that G{F) is a subgraph of G{F). 
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r{P) = 3 



r{P) = 3 



r{P) = 3 



Figure 1: Illustration of Definition 1. 

Lemma 1 Let F : {0, 1}" — > {0, 1}" be r-minimal with r >2, and assume that G{F) has 
no circuit of length > 2. There exists a map F : {0, 1}" — > {0, 1}" with a cycle of length 
r/2 such that G{F) is a subgraph of G{F) and such that t{G{F)) < t{G{F)). 

Proof — Let a = (x", . . . ,x^) be a cycle of F of length r. To simplify notations, we set 
j.k+r _ £qj, g^jj positive integer k. Since a is of length > 2, F is not constant. Thus, 
there exists a vertex j in G{F) with a predecessor. Let P be an elementary path of G{F) 
of maximal length starting from j, and let i be the last vertex of this path. Then: 

The vertex i has a predecessor and no strict successor in G{F). 

The fact that i has a predecessor is obvious if i ^ j, and true by hypothesis if i = j; i has 
no strict successor since if not, the path P being elementary and of maximal length, G{F) 
would have a circuit of length > 2. 

Let F : {0, 1}" ^ {0, 1}" be defined by: 

fi = est = 0, fj = fj for all j + i. 

It is easy to see that G{F) is the subgraph of G{F) that we obtain by removing all the 
edges whose end vertex is i. Since i has a predecessor in G{F), we deduce that: 

G{F) is a strict subgraph ofG{F). 

In the following, we prove that F has a cycle of length r/2 and that t{G{F)) < t{G{F)). 

For all integer let be the point of {0, 1}" defined by: 

= 0, Xj= Xj for all j 7^ i. 
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Since fj = fj does not depend on Xi for all j i (vertex i has no strict successor in 
and since fi = est does not depend on Xi, we have F{x^) = F{x^) and we deduce that: 

F{x>') = Fix') = (0, hix'), Ux'^)) = (0, x^+i, . . . , 4+1) = 

In other words, {xP , . . . is a path of F. Since x*^ = f, we deduce that F has a cycle 
(5;'', . . . , x^) of length p < r. Then, for all integer k, we have: 

x''+P = x'. (1) 

Since G{F) is a strict subgraph of G{F), and since F is r-minimal, we have p < r. Conse- 
quently, for all integer k: 

x'^+P ^ x'. 

Prom this and ([1]), we deduce that, for all integer k: 

x^+P = xk\ (2) 

Consequently, 



and we deduce that 2p = r: F has indeed a cycle of length r/2. 

Let j be any vertex of G{F) with a predecessor and without strict successor. With simi- 
lar argument, we can show that x^'^^^'^ = x^'' . Then x^'' = x^ so that i = j. Consequently: 

The vertex i is the unique vertex of G{F) , . 

with a predecessor and without strict successor. 

We deduce that: 

// a vertex j has a predecessor in G{F), then G{F) has a path from j to i. (4) 

Indeed, let j be a vertex with a predecessor, and let P an elementary path of G{F) of 
maximal length starting from j. As argued above, the last vertex of P has a predecessor 
and no strict successor. We then deduce from ([3|) that the last vertex of P is i. 

Now, we prove that: 

The vertex i has a negative loop in G{F). (5) 
Since x^ = x^ , we have x'- ^ x^, and we deduce that there exists < k < p such that: 

Then: _ 

f,{x'^)=x1+'=x'^ = x'^+P. 

Moreover, we have 
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so 



and using jS]) we deduce that: 



■'"'^ ' k+p k+p 



In addition: 



If i has a strict predecessor in G{F), then i has a positive loop in G{F). (6) 

Suppose that i has a strict predecessor, and suppose that ^ x^^^ for all k. Consider the 
map F : {0, 1}'" {0, 1}" defined by fi{x) = Xj and fj = fj for j 7^ i. Clearly, cr is a cycle 
of F, and G{F) is the subgraph of G{F) that we obtain by removing the edges whose end 
vertex is i, expect the negative loop on i (whose existence is proved). Since i has a strict 
predecessor in G{F), we deduce that G{F) is a strict subgraph of G{F), and this is not 
possible since F is r-minimal. Thus there exists k such that 

4 = = nix'). 

Then 

^k+P ^^k^ ^k+i ^k+p+i ^ ^k+i 

so 

^k+P ^ ^k+p+i ^ j^^^^k+p^ 

and using ([2]) we deduce that: 

, /.(x^+^)-/,(x^) _ x,^+^ - xf _ 

^''^ > k+p _ k k+p _ k 

We are now in position to prove that t{G{F)) < t{G{F)). Since i has a negative loop 
in G{F), we have r(G(F)) > 0. So suppose that t{G{F)) > 0, and let P be an elementary 
path of G{F) such that 

Tg(^p^{P)=t{G{F)). 
Since G{F) is a subgraph of G{F), P is an elementary path of G{F) and 

Let j be the first vertex of P with a negative loop in G{F) (j exists since t{G{F)) > 0), and 
let k be the last vertex of P. Then k has a predecessor in G{F) (this is obvious if k ^ j and 
also true if k = j since j has a negative loop) and thus k ^ i (since i has no predecessor in 
G{F)). So k has a predecessor in G{F) and following ([IJ, there exists an elementary path 
P' from A; to i in G{F). Since G{F) has no circuit of length > 2, the concatenation Q of P 
and P' is an elementary path of G(F), and since k ^ i has a strict predecessor in G{F). 
We then deduce from ([5]) and ([6]) that i has both a positive and a negative loop in G{F). 
It is then clear that 

r(G(F)) < TGiF){P) < rGiF){Q) < r{G{F)) 
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□ 



Proof of Theorem 2 - Let F : {0, l}*" {0, 1}" be such that G{F) has no drcuit of 
length > 2 and suppose that F has a cycle of length r. We want to prove that r is a power 
of two less than or equal to 2'^^^^^^\ We proceed by induction on r. The base case r = 1 
is obvious. So suppose that r > 1. The induction hypothesis is: 

Let F : {0, 1}" {0, 1}" be such that G{F) has no circuit of length > 2. 
If F has a cycle of length / < r, then / is a power of two < 2'^^^^^^\ 

Consider a r-minimal map F : {0,1}" —> {0,1}" such that G{F) is a subgraph of G{F). 
Then G{F) has no circuit of length > 2, and following Lemma 1, there exists a map F with a 
cycle of length r/2 such that G{F) is a subgraph of G{F) and such that t{G{F)) < t{G{F)). 
Since G{F) is a subgraph G{F) has no circuit of length > 2. So, by induction hypoth- 

esis, r/2 is a power of two < 2'^^'^^^^\ So r is a power of two, and since t{G{F)) < t{G{F)) 
we have r < 2^('^(^)). Since G{F) is a subgraph of G{F), we have t{G{F)) < t{G{F)) and 
we deduce that r < 2^(^('^)). □ 

Let us say that G{F) has an ambiguous loop, if G{F) has a vertex with both a positive 
and a negative loop. 

Corollary 1 Let F : {0, 1}" {0, 1}" be such that G{F) has no circuit of length >2. If 
G{F) has no ambiguous loop, then F has no cycle of length > 3. 

Proof — Under the conditions of the statement, it is clear that t{G{F)) < 1. So following 
Theorem 2, all the cycles of F are of length < 2. □ 

Remark 1 /n [21 page 292], Robert proposes to study the following assertion: If each vertex 
of G{F) has a loop, and if G{F) has no circuit of length > 2, then F has no cycle of length 
> 3. This assertion is false as showed by the following example. Let F : {0, 1}^ — > {0, 1}^ 
be defined by: 

F(0,0) = (1,0), F(1,0) = (0,1), F(0,1) = (1,1), F(l,l) = (0,0). 

F has clearly a cycle of length 4, but each vertex of G{F) has a loop, and G{F) has no 
circuit of length > 2. The interaction graph G{F) is indeed the following: 




+ 



According to the previous corrolary, the following assertion, near that the one that Robert 
proposes to study, is true: If each vertex of G{F) has a loop, and if G{F) has no circuit of 
length > 2 and no ambiguous loop, then F has no cycle of length > 3. 
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